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Abstract
It is known that A-paths of length 0 mod m satisfy the Erdo˝s-Po´sa property if m = 2 or
m = 4, but not if m > 4 is composite. We show that if p is prime, then A-paths of length
0 mod p satisfy the Erdo˝s-Po´sa property. More generally, in the framework of undirected
group-labelled graphs, we characterize the abelian groups Γ and elements ℓ ∈ Γ for which the
Erdo˝s-Po´sa property holds for A-paths of weight ℓ.
1 Introduction
Let A be a vertex set. An A-path is a nontrivial path whose intersection with A is exactly its
endpoints. A classical result of Gallai [9], which generalizes the Tutte-Berge formula for matchings
to A-paths, shows that for every graph G and every positive integer k, either G contains k disjoint
A-paths or there is a set of at most 2k − 2 vertices intersecting every A-path. Mader [12] showed
that the same conclusion holds more generally for S-paths, where S is a partition of A and an
S-path is an A-path whose endpoints are in distinct parts of S.
This was further generalized by Chudnovsky et al. [5] to directed group-labelled graphs. Let Γ
be a group with additive operation and identity 0 (following the notation in [5]), where Γ may be
nonabelian. A directed Γ-labelled graph is a pair (~G, γ) where ~G is an orientation of an undirected
graph G and γ : E(G) → Γ is a Γ-labelling of G. The weight of a walk W = v0e1v1 . . . vm−1emvm
in G is defined to be γ(W ) = γ(e1, v1) + · · ·+ γ(em, vm), where for an edge e = uv oriented from u
to v, γ(e, v) = γ(e) and γ(e, u) = −γ(e). We say that W is Γ-nonzero (or simply nonzero if there
is no ambiguity) if γ(W ) 6= 0.
Theorem 1.1 (Theorem 1.1 in [5]). Let Γ be a group and let (~G, γ) be a directed Γ-labelled graph
with A ⊆ V (G). Then for all positive integers k, either (~G, γ) contains k disjoint Γ-nonzero A-paths
or there is a set of at most 2k − 2 vertices intersecting every Γ-nonzero A-path.
With suitable choices of Γ and γ, one immediately obtains the results of Gallai and Mader,
and many more. These results, while derived from exact min-max relations, can be viewed more
broadly as instances of approximate packing-covering dualities. A family F of (possibly group-
labelled) graphs is said to satisfy the Erdo˝s-Po´sa property if there exists a function f : N→ N such
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2Partially supported by the Natural Sciences and Engineering Research Council of Canada (NSERC), PGSD2-
532637-2019.
1
that, for every (possibly group-labelled) graph G and positive integer k, either G contains k disjoint
subgraphs each in F or there is a set of at most f(k) vertices intersecting every subgraph of G in
F . The name comes from the seminal result of Erdo˝s and Po´sa [8] that this property holds for
the family of cycles with f(k) = O(k log k). In this light, Theorem 1.1 can be reformulated as the
statement that Γ-nonzero A-paths in directed Γ-labelled graphs satisfy the Erdo˝s-Po´sa property
with f(k) = 2k − 2.
Wollan [16] considered the analogous problem of packing Γ-nonzero A-paths in undirected group-
labelled graphs. Given an abelian group Γ, an undirected Γ-labelled graph is a pair (G, γ) where G is
an undirected graph and γ : E(G)→ Γ. The weight of a subgraph H ⊆ G is γ(H) =
∑
e∈E(H) γ(e),
and H is Γ-nonzero (or simply nonzero) if γ(H) 6= 0. Note that the two models of group-labellings
are equivalent if every nonzero element of Γ has order two. Relaxing the bound on the Erdo˝s-Po´sa
function, Wollan showed that Γ-nonzero A-paths in undirected Γ-labelled graphs satisfy the Erdo˝s-
Po´sa property with f(k) = O(k4) (Theorem 1.1 in [16]). In particular, for all positive integers m,
A-paths of length 6= 0 mod m satisfy the Erdo˝s-Po´sa property.
In this paper, we address the opposite problem of packing A-paths of weight 0, which we call
Γ-zero (or simply zero) A-paths, in group-labelled graphs. This was first investigated by Bruhn,
Heinlein, and Joos who showed that even A-paths satisfy the Erdo˝s-Po´sa property (Theorem 7 in
[2]), whereas A-paths of length 0 mod m do not satisfy the Erdo˝s-Po´sa property for all composite
m > 4 (Proposition 8 in [2]). Interestingly, the composite number 4 does not adhere to this trend,
as shown by Bruhn and Ulmer:
Theorem 1.2 (Theorem 1 in [3]). A-paths of length 0 modulo 4 satisfy the Erdo˝s-Po´sa property.
In the same paper, they asked whether the Erdo˝s-Po´sa property holds for A-paths of length 0
mod p when p is an odd prime (Problem 22 in [3]). Our main result is an affirmative answer to
their question:
Theorem 1.3. Let p be an odd prime. Then A-paths of length 0 modulo p satisfy the Erdo˝s-Po´sa
property.
Using Theorem 1.3, we characterize the abelian groups Γ and elements ℓ ∈ Γ for which A-paths
of weight ℓ in undirected Γ-labelled graphs satisfy the Erdo˝s-Po´sa property:
Theorem 1.4. Let Γ be an abelian group and let ℓ ∈ Γ. Then, in undirected Γ-labelled graphs,
A-paths of weight ℓ satisfy the Erdo˝s-Po´sa property if and only if
• Γ ∼= (Z/2Z)k where k ∈ N and ℓ = 0,
• Γ ∼= Z/4Z and ℓ ∈ {0, 2}, or
• Γ ∼= Z/pZ where p is prime (and ℓ ∈ Γ is arbitrary).
We also prove the following characterization for Γ-zeroA-paths in directed group-labelled graphs:
Theorem 1.5. Let Γ be a group. Then, in directed Γ-labelled graphs, Γ-zero A-paths satisfy the
Erdo˝s-Po´sa property if and only if Γ is finite.
We remark that the “if” part of Theorem 1.5 was proved independently by Lucas Bo¨ltz [1]. We
nevertheless provide the proof since it is short and Theorem 1.5 is used in our proof of Theorem
1.4. Besides, at the time of this writing, [1] is only available in German.
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A known approach to proving Erdo˝s-Po´sa theorems involves tangles, which point to a highly
connected part of the graph in a consistent way. We will see that there is a natural tangle associated
to minimal counterexamples to Theorem 1.3, and we apply a structure theorem of [15] which roughly
states that, given such a tangle, either there are many Γ-nonzero cycles distributed in one of three
configurations, or there is a vertex set of bounded size intersecting every Γ-nonzero cycle in the
highly connected part of the tangle.
In the first outcome we piece together the Γ-nonzero cycles to build many disjoint Γ-zero A-
paths. This is somewhat routine and similar to parts of [3, 11, 15]. In the second outcome, however,
we obtain a Γ-bipartite 3-block to which vertices of A can attach in undesirable ways. We deal with
this by proving in this setting certain Menger-type results for A-B-paths of weight ℓ, which do not
hold in general.
Here we give two immediate corollaries of Theorem 1.1 for later use.
Corollary 1.6. Let G be a graph with A ⊆ V (G). Then for all positive integers k, either G contains
k disjoint A-paths of odd length or there is a set of at most 2k − 2 vertices intersecting every odd
A-path.
Proof. Let ~G be an arbitrary orientation of G and define γ(e) = 1 ∈ Z/2Z for all e ∈ E(G). Then
the odd A-paths of G correspond exactly to the Γ-nonzero A-paths of (~G, γ).
Given A,B ⊆ V (G), an A-B-path is a (possibly trivial) path with one endpoint in A, the other
endpoint in B, and no internal vertex in A ∪ B. If A = {a} or B = {b} or both, we also write
a-B-path or A-b-path or a-b-path respectively. An A-B-A-path is either an A-path containing a
vertex in B, or a trivial path {a} where a ∈ A∩B. The following corollary of Theorem 1.1 requires
A and B to be disjoint, but clearly the same conclusion holds when A ∩B 6= ∅.
Corollary 1.7. Let G be a graph with two disjoint vertex subsets A,B ⊆ V (G). Then for all
positive integers k, either G contains k disjoint A-B-A-paths or there is a set of at most 2k − 2
vertices intersecting every A-B-A-path.
Proof. Let Γ be the free group generated by |E(G)| elements. Let ~G be an arbitrary orientation of
G and label each edge e incident to B with a distinct generator γ(e) of Γ. Then A-B-A-paths in G
correspond exactly to Γ-nonzero A-paths in (~G, γ).
The remainder of the paper is organized as follows. In section 2, we prove Theorem 1.5 and
Theorem 1.4, assuming Theorem 1.3. In section 3, we give the preliminaries required to state and
apply the structure theorem of [15]. In section 4, we prove Theorem 1.3.
2 A-paths of a fixed weight in group-labelled graphs
We first take care of the infinite case by showing that, if Γ is infinite and ℓ ∈ Γ is an arbitrary
element, then A-paths of weight ℓ do not satisfy the Erdo˝s-Po´sa property. The construction also
implies that the Erdo˝s-Po´sa functions for Γ-zero A-paths necessarily grow with the order of the
group Γ.
Lemma 2.1. Let Γ be an infinite group and let ℓ ∈ Γ. Then A-paths of weight ℓ do not satisfy the
Erdo˝s-Po´sa property in both models of group-labelling.
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Proof. Let n be a positive integer and let Hn denote the n×n-grid with vertex set {vi,j : i, j ∈ [n]}
and edge set {vi,jvi′,j′ : |i− i′|+ |j− j′| = 1}. Let Gn denote the graph obtained from Hn by adding
2n new vertices u1, . . . , un, w1, . . . , wn and adding the edges uiv1,i and vn,iwi for each i ∈ [n].
Since Γ is infinite, we may choose a sequence of elements g1, g2, · · · ∈ Γ such that gk 6∈ {gj, ℓ−
gj , gj± ℓ, gj±2ℓ} for all j < k. For the directed model, orient the edges uiv1,i from ui to v1,i, orient
the edges of the form vn,iwi from vn,i to wi, and orient the remaining edges arbitrarily to obtain
~G. Define the Γ-labelling
γn(e) =


ℓ− gi if e = uiv1,i for i ∈ [n]
gn+1−i if e = vn,iwi for i ∈ [n]
0 otherwise
and define A = {u1, . . . , un, w1, . . . , wn} (see Figure 1 (a)). In both (Gn, γn) and (~Gn, γn), it follows
from our choice of g1, g2, . . . that if an A-path has both endpoints in {ui}, both endpoints in {wi},
or endpoints ui and wn+1−j where i 6= j, then it cannot have weight ℓ. So every A-path of weight
ℓ has endpoints ui and wn+1−i for some i ∈ [n], and clearly no two such paths are disjoint. On the
other hand, no vertex set of size less than n intersects all {ui}-{vi}-paths of weight ℓ. Therefore,
A-paths of weight ℓ do not satisfy the Erdo˝s-Po´sa property.
g1
ℓ− g1
g2
ℓ− g2
g3
ℓ− g3 g4
ℓ− g4
g5
ℓ− g5
g6
ℓ− g6
(a) ( ~G6, γ6)
g1 g2−g1
g1 g2−g1
g1 g2−g1
g1 g2−g1
g1 g2−g1
g1 g2−g1g2 g2 g2 g2 g2
(b) (G6, γ
′
6).
ℓ− g 0
ℓ− g 0
ℓ− g 0
ℓ− g 0
ℓ− g 0
ℓ− g 0g g g g g
(c) (G6, γ
′′
6 ).
Figure 1: The black vertices constitute A and all unlabelled edges have
weight 0.
2.1 Γ-zero A-paths in directed Γ-labelled graphs
An A-tree is a tree whose intersection with A is exactly its set of leaves. Let ℓ(T ) denote the number
of leaves of a tree T . Our proof of Theorem 1.5 applies the so-called frame argument expounded in
[2].
Lemma 2.2. Let Γ be a finite group and let k be a positive integer. If (~T , γ) is a directed Γ-labelled
graph where T is a subcubic A-tree with ℓ(T ) ≥ (2k− 1)|Γ|+1, then (T, γ) contains k disjoint zero
A-paths.
Proof. We proceed by induction on k. Let k = 1. Choose an interal vertex v of T and let
P1, . . . , P|Γ|+1 be distinct {v}-A-paths in T . Then γ(Pi) = γ(Pj) for some i 6= j, and the sym-
metric difference of Pi and Pj is a zero A-path. This proves the base case.
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Let k > 1 and assume that the statement holds for all k′ < k. Fix a leaf a of T . For a vertex
v of degree 3, let T ′1 denote the connected component of T − v containing a, and let T1 denote the
maximal A-tree contained in T ′1. Let T2 = T−T
′
1, also an A-tree, and note that ℓ(T1)+ℓ(T2) = ℓ(T ).
Now choose v to be a vertex of degree 3 that is farthest from a subject to the condition that
ℓ(T2) ≥ |Γ| + 1. Then ℓ(T2) ≤ 2|Γ| by our choice of v, so ℓ(T1) ≥ 2((k − 1) − 1)|Γ| + 1. By the
inductive hypothesis, (~T1, γ) contains k−1 disjoint zero A-paths and (~T2, γ) contains a zero A-path,
yielding k disjoint zero A-paths in (~T , γ).
Theorem 2.3. Let Γ be a finite group and let k be a positive integer. Then every directed Γ-labelled
graph (~G, γ) has either k disjoint zero A-paths or a vertex set X ⊆ V (G) with |X | < 6(k − 1)|Γ|
such that (~G−X, γ) has no zero A-path.
Proof. Let F be an inclusion-wise maximal forest in G such that each connected component of F
is a subcubic A-tree that contains a zero A-path. Then we may assume that F has at most k − 1
connected components. Let X be the set of vertices of degree 1 or 3 in F .
Suppose (~G−X, γ) contains a zero A-path P . Then P intersects F −X since otherwise F ∪ P
violates the maximality of F . Let P ′ be a subpath of P such that |V (P ′) ∩ A| = 1 = |V (P ′) ∩
V (F − X)|. Then the vertex in V (P ′) ∩ V (F − X) has degree 2 in F by the definition of X , so
F ∪ P ′ again violates the maximality of F .
Therefore, (~G − X, γ) does not contain a zero A-path. To show the upper bound on |X |,
let T1, . . . , Tc denote the connected components of F and let ki be the largest integer such that
ℓ(Ti) ≥ (2ki − 1)|Γ| + 1. Then ℓ(Ti) ≤ (2ki + 1)|Γ| and Ti contains ki disjoint zero A-paths by
Lemma 2.2, so we may assume that
∑c
i=1 ki ≤ k−1. Since a nontrivial subcubic tree T has exactly
ℓ(T )− 2 vertices of degree 3, we have
|X | =
c∑
i=1
(2ℓ(Ti)− 2) ≤
c∑
i=1
(2(2ki + 1)|Γ| − 2) < 4(k − 1)|Γ|+ 2c|Γ| ≤ 6(k − 1)|Γ|.
Theorem 1.5 now follows immediately from Lemma 2.1 and Theorem 2.3.
2.2 Γ-zero A-paths in undirected Γ-labelled graphs
Here we give the undirected analog of Theorem 1.5, using Theorem 1.3.
Theorem 2.4. Let Γ be an abelian group. Then, in undirected Γ-labelled graphs, zero A-paths satisfy
the Erdo˝s-Po´sa property if and only if Γ ∼= (Z/2Z)k for some positive integer k or Γ ∼= Z/mZ where
m is either equal to 4 or a prime.
Proof. We may assume that Γ is finite by Lemma 2.1. If Γ ∼= (Z/2Z)k for some positive integer k,
then every element of Γ has order two, so the two models of Γ-labelled graphs are equivalent and
Γ-zero A-paths satisfy the Erdo˝s-Po´sa property by Theorem 2.3. If Γ ∼= Z/4Z or Γ ∼= Z/pZ for an
odd prime p, then Γ-zero A-paths satisfy the Erdo˝s-Po´sa property by Theorem 1.2 and Theorem
1.3 respectively.
Now suppose Γ is a finite abelian group not isomorphic to any of the above groups. Then there
exist nonzero elements g1, g2 ∈ Γ such that the order of 〈g2〉 + g1 in the quotient group Γ/〈g2〉 is
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greater than two. Indeed, if |Γ| is not a power of 2, then there is a prime q1 > 2 dividing |Γ| and,
since Γ 6∼= Z/q1Z, we can choose an element g1 of order q1 and an element g2 6∈ 〈g1〉. If |Γ| is a
power of 2 and Γ is cyclic, then it has an element g1 of order 8 (since Γ 6∼= Z/2Z,Z/4Z) and we
may choose g2 to be the element of order 2. If |Γ| is a power of 2 and is not cyclic, then since
Γ 6∼= (Z/2Z)k, it has a subgroup H isomorphic to (Z/4Z) × (Z/2Z) and we may choose g1 and g2
so that H = 〈g1, g2〉 and g1 has order 4.
Let q2 be the order of g2 and let q1 > 2 be the order of 〈g2〉+ g1 in Γ/〈g2〉. Let Gn be the graph
obtained from the n× n-grid as in Lemma 2.1. Define the Γ-labelling
γ′n(e) =


g1 if e is incident to ui for some i ∈ [n]
g2 − g1 if e is incident to wi for some i ∈ [n]
g2 if e = v1,iv1,i+1 for some i ∈ [n− 1]
0 otherwise
and let A = {u1, . . . , un, w1, . . . , wn} (see Figure 1 (b)). Then every Γ-zero A-path in (Gn, γ′n) has
one endpoint in {ui : i ∈ [n]} and one endpoint in {vi : i ∈ [n]}, since every other A-path P has
its weight in the coset 〈g2〉 + 2g1 or 〈g2〉 − 2g1, neither of which are zero in Γ/〈g2〉 (since q1 > 2).
Moreover, such a path contains an edge of the form v1,iv1,i+1 for some i ∈ [n− 1] since otherwise
its weight would be equal to g2 6= 0.
Clearly, there does not exist two disjoint zero A-paths, and the smallest size of a vertex set
intersecting every zero A-path can be made arbitrarily large for with large enough n. Therefore,
zero A-paths in Γ-labelled graphs do not satisfy the Erdo˝s-Po´sa property.
2.3 A-paths of a fixed weight in undirected group-labelled graphs
Let p be a prime. A p-group is a group in which the order of every element is a power of p. We will
use the following well-known fact about p-groups.
Theorem 2.5 (Theorem 12.5.2 in [10]). A finite p-group which contains only one subgroup of order
p is either cyclic or a generalized quaternion group.
Note that generalized quaternion groups are nonabelian. We now prove Theorem 1.4, restated
here for the reader’s convenience.
Theorem 1.4. Let Γ be an abelian group and let ℓ ∈ Γ. Then, in undirected Γ-labelled graphs,
A-paths of weight ℓ satisfy the Erdo˝s-Po´sa property if and only if
• Γ ∼= (Z/2Z)k where k ∈ N and ℓ = 0,
• Γ ∼= Z/4Z and ℓ ∈ {0, 2}, or
• Γ ∼= Z/pZ where p is prime (and ℓ ∈ Γ is arbitrary).
Proof. We may assume that Γ is finite by Lemma 2.1. If ℓ = 0, we can apply Theorem 2.4, so
assume ℓ 6= 0.
Suppose there exists a nonzero element g ∈ Γ such that ℓ 6∈ 〈g〉. Let Gn be the graph obtained
from the n× n-grid as before. Define the Γ-labelling
γ′′n(e) =


ℓ− g if e is incident to ui for some i ∈ [n]
g if e = v1,iv1,i+1 for some i ∈ [n− 1]
0 otherwise
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and let A = {u1, . . . , un, w1, . . . , wn} (see Figure 1 (c)). It follows from our choice of g that every
A-path of weight ℓ has one endpoint in each {ui : i ∈ [n]} and {wi : i ∈ [n]} and uses edge of the
form v1,iv1,i+1. Therefore, A-paths of weight ℓ do not satisfy the Erdo˝s-Po´sa property.
So we may assume that ℓ ∈ 〈g〉 for all g ∈ Γ. This implies that the order of ℓ in Γ is prime; if
its order is equal to mn where m,n > 1 are integers, then ℓ 6∈ 〈mℓ〉. Let p denote the order of ℓ in
Γ. Then Γ is a p-group; if there is a distinct prime q dividing |Γ|, then for every element g ∈ Γ of
order q we have ℓ 6∈ 〈g〉. Similarly, if Γ′ is a subgroup of Γ with |Γ′| = p and Γ′ 6= 〈ℓ〉, then for any
nonzero g ∈ Γ′ we have ℓ 6∈ 〈g〉.
Thus, Γ is a p-group and 〈ℓ〉 is the unique subgroup of order p. By Theorem 2.5 (and since Γ is
abelian), Γ ∼= Z/paZ for some a ∈ N. First, if Γ ∼= Z/2Z and ℓ = 1, then A-paths of weight ℓ satisfy
the Erdo˝s-Po´sa property by Corollary 1.6. Otherwise, we have a ≥ 2 in which case ℓ ∈ 〈pa−1〉−{0},
or p > 2 (or both). In all cases (except Γ ∼= Z/2Z), there exists g ∈ Γ such that ℓ = 2g.
Now we claim that the Erdo˝s-Po´sa property holds for A-paths of weight ℓ = 2g if and only if
it holds for Γ-zero A-paths. Indeed, given a Γ-labelled graph (G, γ) with A ⊆ V (G), define a new
Γ-labelling γ′ : E(G)→ Γ where γ′(e) = γ(e)− g if e is incident with A and γ′(e) = γ(e) otherwise.
Then A-paths of weight ℓ in (G, γ) correspond exactly to the Γ-zero A-paths in (G, γ′).
It then follows from Theorem 2.4 that, if Γ 6∼= Z/2Z and ℓ 6= 0, then A-paths of weight ℓ 6= 0
satisfy the Erdo˝s-Po´sa property if and only if Γ ∼= Z/4Z and ℓ = 2, or Γ ∼= Z/pZ for odd prime p
and ℓ ∈ Γ− {0}. This completes the proof of Theorem 1.4.
We pose the following problem of determining the directed analog of Theorem 1.4:
Problem 2.6. Characterize the groups Γ and elements ℓ ∈ Γ such that, in directed Γ-labelled
graphs, A-paths of weight ℓ satisfy the Erdo˝s-Po´sa property.
It suffices to consider finite groups by Lemma 2.1 and nonzero ℓ by Theorem 1.5. If Γ ∼= Z/3Z
and ℓ 6= 0, then the problem is equivalent to nonzero A-paths since every nonzero A-path has weight
±1 and one of the two directions of traversal will give the desired weight ℓ. The counterexample
in Figure 1 (c) can also be adapted to the directed setting in the natural way to show that the
Erdo˝s-Po´sa property does not hold if there exists g ∈ Γ such that ℓ 6∈ 〈g〉. It therefore suffices to
consider the two outcomes of Theorem 2.5. However, the reduction to Γ-zero A-paths in the case
ℓ ∈ 2Γ does not apply to the directed model, and the case of generalized quaternion groups (where
ℓ is the unique element of order two), will also have to be dealt with.
3 Preliminaries
In this section we provide several definitions and tools required to state the aforementioned structure
theorem of [15] required to prove Theorem 1.3. For the sake of proving Theorem 1.3, we only need
these tools for the special case Γ ∼= Z/pZ for an odd prime p, but we nevertheless present them
for general abelian groups Γ since our techniques for the Γ-bipartite 3-block case (section 4.2) are
general and may be of independent interest. All group-labelled graphs are assumed to be undirected
for the remainder of the paper.
A 3-block B of a graph G is a maximal set of at least 3 vertices such that there does not exist a
set of at most two vertices disconnecting two vertices in B (see [4]). Note that G[B] may not have
any edges (take a large clique and subdivide every edge once). Consider the graph with vertex set
B where u, v ∈ B are adjacent if there exists a B-path in G with endpoints u and v. By abuse of
notation, we also call this graph a 3-block of G when convenient.
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Let H be a connected component of G−B and let X be the set of (at most two) vertices of B
adjacent to a vertex in H . A B-bridge B ⊆ G is either such a component H together with X and
the edges of G with one endpoint in X and the other in H , or an edge in G with both endpoints in
B. The attachments of a B-bridge B are the vertices in B ∩B.
Let (G, γ) be a Γ-labelled graph. A 3-block (B, γ) of (G, γ) is the Γ-labelled graph obtained
from a 3-block B′ of G as follows: For each u, v ∈ B′ and α ∈ Γ, if there is a B′-path in (G, γ) with
endpoints u, v and weight α, then add a new (possibly parallel) edge uv with label α. Notice that
for each path or simple cycle in (B, γ) there is a corresponding path or cycle respectively in (G, γ)
with the same weights and same sequence of vertices in B.
Let Γ be an abelian group and let g ∈ Γ with 2g = 0. Given a Γ-labelled graph (G, γ) and a
vertex v ∈ V (G), we can define a new Γ-labelling γ′ of G where
γ′(e) =
{
γ(e) + g if e is incident with v
γ(e) if e is not incident with v
We call this a shifting operation. Since 2g = 0, this preserves the weights of cycles and of paths
which do not contain v as an endpoint. Let 0 denote the Γ-labelling defined by 0(e) = 0 for all
e ∈ E(G). A Γ-labelled graph (G, γ) is Γ-bipartite if every cycle is Γ-zero.
Lemma 3.1 (Lemma 2.3 in [15]). Let Γ be an abelian group and let (G, γ) be a Γ-labelled graph
such that G is 3-connected and (G, γ) is Γ-bipartite. Then (G,0) can be obtained from (G, γ) by a
sequence of shifting operations.
In particular, if (B, γ) is a Γ-bipartite 3-block of (G, γ), then there is a sequence of shifting
operations in (G, γ) after which every B-path in G has weight 0.
Lemma 3.2 (Lemma 2.4 in [15]). Let Γ be an abelian group, let (G, γ) be a Γ-labelled graph, and
let C be a nonzero cycle in G. If A ⊆ V (G) and there exist three disjoint A-V (C)-paths, then the
union of these paths and C contains a nonzero A-path.
3.1 Tangles, K
m
-models, and walls
A separation in a graph G is an ordered pair of subgraphs (C,D) such that C ∪D = G. The order
of a separation (C,D) is |V (C)∩V (D)|. A separation of order at most k is a k-separation. A tangle
T of order k is a set of (k − 1)-separations of G such that
• for every (k − 1)-separation (C,D), either (C,D) ∈ T or (D,C) ∈ T ,
• V (C) 6= V (G) for all (C,D) ∈ T , and
• C1 ∪C2 ∪ C3 6= G for all (C1, D1), (C2, D2), (C3, D3) ∈ T .
Let T be a tangle of order k in a graph G. Given (C,D) ∈ T , we say that C is the T -small side
and D is the T -big side of (C,D). If |X | ≤ k − 3, then there is a unique 3-block B of G−X such
that B ∪ X is not contained in any T -small side, and we call B the T -large 3-block of G −X . If
k′ ≤ k, then the set T ′ of (k′− 1)-separations (C,D) in G such that (C,D) ∈ T is a tangle of order
k′, called the truncation of T to order k′.
Suppose f : N → N is not an Erdo˝s-Po´sa function for a family F of A-paths. Let us say that
((G, γ), k) is a minimal counterexample to f being an Erdo˝s-Po´sa function for F if (G, γ) does not
contain k disjoint A-paths in F and there does not exist a set of at most f(k) vertices intersecting
every A-path in F , and subject to this, k is minimum.
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Figure 2: An elementary 6-wall. The four corners are marked by square
vertices and its top nails are the vertices filled black. The third vertical
path is marked bold and the fourth horizontal path is highlighted in grey.
Lemma 3.3 (Lemma 8 [3]). Let t be a positive integer and let f : N → N be function such that
f(k) ≥ 2f(k− 1)+ 3t+10 and let ((G, γ), k) be a minimal counterexample to f(k) being an Erdo˝s-
Po´sa function for the family of zero A-paths. Then G − A admits a tangle T of order t such that
for each (C,D) ∈ T , G[A ∪C] does not contain a zero A-path and G[A ∪ (D−C)] contains a zero
A-path.
Let v1, . . . , vm denote the vertices of the complete graph Km. A Km-model µ consists of a
collection of disjoint trees µ(vi), i ∈ [m], and distinct edges µ(vivj) for each distinct pair i, j ∈ [m]
such that µ(vivj) has one endpoint in µ(vi) and the other in µ(vj). For U ⊆ {v1, . . . , vm}, the K|U|-
submodel of µ restricted to U is the K|U|-model η defined as η(vi) = µ(vi) and η(vivj) = µ(vivj)
for all vi, vj ∈ U . Let (G, γ) be a Γ-labelled graph. We say that a Km-model µ of G is Γ-odd if, for
every choice of four distinct indices i, j, k, l ∈ [m], the K4-submodel of µ restricted to {vi, vj , vk, vl}
contains a Γ-nonzero cycle.
Let µ be an Km-model in G and let k = ⌈
2m
3 ⌉. If (C,D) is a (k − 1)-separation in G, then
exactly one side of (C,D), say D, intersects µ(vi) for all i ∈ [m]. The set of all such separations
(C,D) forms a tangle Tµ of order k [13], called the tangle induced by µ.
Let r, s ≥ 2 be integers. An r×s-grid is a graph with vertex set [r]×[s] and edge set {(i, j)(i′, j′) :
|i− i′|+ |j− j′| = 1}. An elementary r×s-wall is the subgraph of an (r+1)× (2s+2)-grid obtained
by deleting the edges
{
(2i− 1, 2j)(2i, 2j) : i ∈
[
⌈ r2⌉
]
, j ∈ [s+ 1]
}
∪
{
(2i, 2j − 1)(2i+ 1, 2j − 1) : i ∈
[
⌈ r−12 ⌉
]
, j ∈ [s+ 1]
}
,
then deleting the two vertices of degree 1. An elementary r-wall is an elementary r×r-wall. Figure
2 shows an elementary 6-wall.
Let W be an elementary r × s-wall. A path in W with vertex set {(i′, j′) ∈ V (W ) : i′ = i}
for some fixed i ∈ [r + 1] is called a horizontal path of W . Fix a planar embedding of W and let
P
(h)
i , i ∈ [r + 1] denote the i-th horizontal path from top to bottom. Then there is a unique set of
s+1 disjoint P
(h)
1 -P
(h)
r+1-paths in W called the vertical paths of W . The i-th vertical path from left
to right is denoted P
(v)
i . The (i, j)-th brick is the facial cycle of length 6 contained in the union
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P
(h)
i ∪P
(h)
i+1 ∪P
(v)
j ∪P
(v)
j+1. Note that the order of the i-th vertical/horizontal paths may be reversed
depending on the orientation of the embedding.
The corners of W are the four vertices that are endpoints of P
(h)
1 or P
(h)
r+1. The nails of W are
the vertices of degree 2 that are not corners. The top nails of W are the nails in the first horizontal
path of W .
An r × s-wall or r-wall is a subdivision of an elementary r × s-wall or r-wall respectively. The
corners and nails of an r-wall are the vertices corresponding to the corners and nails respectively
of the elementary r-wall before subdivision. The branch vertices b(W ) of a wall W are the vertices
of the elementary wall before subdivision, consisting of its corners, nails, and the vertices of degree
3 in W . All other terminology on elementary walls in the preceding paragraphs extend to walls in
the obvious way.
Let r′ ≤ r and s′ ≤ s. An r′ × s′-subwall of an r × s-wall W is an r′ × s′-wall W ′ that is a
subgraph of W such that each horizontal and vertical path of W ′ is a subpath of some horizontal
and vertical path of W respectively. A subwall W ′ is compact if every horizontal or vertical path of
W that intersects W ′ contains a horizontal or vertical path of W ′. A subwall W ′ is k-contained in
W if P
(h)
i and P
(v)
j is disjoint from W
′ for all i, j ≤ k and for all i > r− k+1 and j > s− k+1. If
W ′ is 1-contained in W , then there is a natural choice for the corners and nails of W ′ with respect
to W , consisting of the vertices that have degree 2 in W ′ but degree 3 in W .
A wall (W,γ) is facially Γ-odd if every brick is a nonzero cycle. With respect to a choice of
corners and nails, (W,γ) is a Γ-bipartite wall if, after possibly shifting, every b(W )-path in (W,γ)
has weight 0.
LetW be an r-wall in a graph G. If (C,D) is a separation of order at most r in W , then exactly
one side of (C,D) contains a horizontal path of W , and the set of r-separations (C,D) such that
D contains a horizontal path forms a tangle TW of order r+1 [13], called the tangle induced by W .
If W ′ is a subwall of W , then TW ′ is a truncation of TW .
Theorem 3.4 ((2.3) in [14]). For all r ∈ N, there exists ω(r) ∈ N such that for all graphs G, if
G admits a tangle T of order ω(r), then G contains an r-wall W such that TW is a truncation of
T .
A linkage is a set of disjoint paths. If X,Y ⊆ V (G), an X-linkage is a set of disjoint X-paths
and an X-Y -linkage is a set of disjoint X-Y -paths.
Let µ be a Km-model in a graph G. We say that a linkage P nicely links to µ if each path in P
has exactly one endpoint in µ, has no internal vertex in µ[V (Kt)], and each tree of µ intersects at
most one path of P .
Lemma 3.5 (Lemma 10 in [3]). Let ℓ, t ∈ N with t ≥ 3ℓ. Let G be a graph with A ⊆ V (G), and
let µ be a Kt-model in G disjoint from A. Then there is a Kt−2ℓ-submodel η of µ such that either
there is an A-η-linkage of size ℓ that nicely links to η, or there exists X ⊆ V (G) with |X | < 2ℓ
separating A from η.
Let W be a wall with top nails N in a graph G. We say that a linkage P nicely links to W if
each path in P is contained in G − (W −N), has exactly one endpoint in N , and has no internal
vertex in N .
Lemma 3.6 (Lemma 12 in [3]). Let r, t ∈ N with r ≥ t. Let G be a graph with A ⊆ V (G), and let
W be a wall of size at least 4tr in G disjoint from A. Then W has an r-subwall W1 such that either
there are t disjoint A-W1-paths that nicely link to W1 or there exists X ⊆ V (G) with |X | < 3t2
separating A from W1.
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Let < be a linear order on X and let P and Q be disjoint X-paths with endpoints (p1, p2) and
(q1, q2) respectively such that p1 < p2 and q1 < q2. We say that P and Q are in series if p2 < q1
or q2 < p1, nested if p1 < q1 < q2 < p2 or q1 < p1 < p2 < q2, and crossing if they are neither in
series or nested. An X-linkage P is in series, nested, or crossing if every pair of paths in P is in
series, nested, or crossing, respectively. An X-linkage is pure if it is in series, nested, or crossing.
Let (W,γ) be a wall in (G, γ) with top nails N . A linkage of (W,γ) is an N -linkage in (G −
(W − N), γ). A linkage of (W,γ) is pure if it is pure with respect to a linear ordering of N given
by the top horizontal path of (W,γ). If, in addition (W,γ) is a Γ-bipartite wall, then we say that
a linkage P of (W,γ) is Γ-odd if (W ∪ P, γ) contains a nonzero cycle for all P ∈ P .
We are now ready to state the structure theorem of [15]
Theorem 3.7 (Theorem 2.10 in [15]). Let Γ be an abelian group and let r, t ≥ 1 be integers. Then
there exist integers g(r, t) and h(r, t) such that if a Γ-labelled graph (G, γ) contains a wall (W,γ) of
size at least g(r, t), then one of the following outcomes hold:
(1) There is a Γ-odd Kt-model µ in G such that Tµ is a truncation of TW .
(2) There exists a 50r12-wall (W0, γ) in (G, γ) such that TW0 is a truncation of TW and either
(a) (W0, γ) is facially Γ-odd, or
(b) (W0, γ) is a Γ-bipartite wall with a pure Γ-odd linkage of size r.
(3) There exists Z ⊆ V (G) with |Z| ≤ h(r, t) such that the TW -large 3-block of (G − Z, γ) is
Γ-bipartite.
4 A-paths of length zero modulo a prime
Let l be a positive integer. A cycle-chain of length l is a tuple of paths (P,Q1, . . . , Ql) consisting
of a core path P and l disjoint V (P )-paths Qi such that the V (Qi)-subpaths Pi of P are disjoint
from each other. A cycle-chain in a Γ-labelled graph is Γ-nonzero if γ(Pi) 6= γ(Qi) for all i ∈ [l].
An A-cycle-chain is a cycle-chain (P,Q1, . . . , Ql) such that P is an A-path and Qi is disjoint from
A for all i ∈ [l].
Let C = (P,Q1, . . . , Ql) be a nonzero A-cycle-chain in a Γ-labelled graph where Γ = Z/pZ and
p is prime. If l is large enough, then C contains A-paths of all possible weights since every nonzero
element of Γ is a generator. The optimal bound can be obtained from the Cauchy-Davenport
Theorem [7] which states that if X,Y ⊆ Z/pZ and p is prime, then |X+Y | ≥ min(|X |+ |Y |− 1, p).
Proposition 4.1. Let Γ = Z/pZ where p is prime. Then a nonzero A-cycle-chain of length p− 1
contains a zero A-path.
Proof. Let (P,Q1, . . . , Qp−1) be a nonzero A-cycle-chain. Let Pi denote the V (Qi)-subpath of P and
let αi = γ(Qi)−γ(Pi) 6= 0. By the Cauchy-Davenport Theorem, {0, α1}+{0, α2}+· · ·+{0, αp−1} =
Z/pZ, hence there is a rerouting P through some of the paths Qi to obtain an A-path of any desired
weight.
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Note that Proposition 4.1 does not hold for cycle-chains of length p − 2 (consider the case
γ(P ) = 1 = αi for all i ∈ [p − 2]). The condition that p is prime is also necessary; if Γ has a
nontrivial proper subgroup Γ′, γ(P ) 6∈ Γ′, and γ(Qi)− γ(Pi) ∈ Γ′−{0} for all i, then the weight of
every A-path in P ∪Q1 ∪ · · · ∪Qk is in the coset Γ′ + γ(P ), hence nonzero.
It was shown in [15] that, in outcomes (1) and (2) of Theorem 3.7, one can find many disjoint
nonzero cycle-chains of a desired length in a controlled way. We first show how to find many disjoint
zero A-paths using these results.
4.1 Γ-nonzero A-cycle-chains
Throughout this section, we fix an odd prime p, let Γ = Z/pZ, and assume the existence of a
Γ-labelled graph (G, γ) and a large tangle T of (G−A, γ) such that
(a) there does not exist X ⊆ V (G) with |X | < 108k2 intersecting every zero A-path, and
(b) for all (C,D) ∈ T , (G[A ∪ C], γ) does not contain a zero A-path and (G[A ∪ (D − C)], γ)
contains a zero A-path.
Lemma 4.2 (Lemma 3.1 in [15]). Let l ∈ N and let µ be a Γ-odd K5l+1-model. Then there is a
nonzero cycle-chain of length l contained in µ whose core path is a µ(v1)-µ(v5l+1)-path. Moreover,
the cycles in the cycle-chain are disjoint from µ(v1) ∪ µ(v5l+1).
Lemma 4.3. Let µ be a Γ-odd K5kp-model in (G, γ) disjoint from A such that Tµ is a truncation
of T . Then there exist k disjoint zero A-paths.
Proof. We apply Lemma 3.5 with ℓ = 2k and t = 5kp to obtain a Kk(5p−4)-submodel η of µ such
that either there is a A-η-linkage of size 2k that nicely links to η or there exists X ⊆ V (G) with
|X | < 4k separating A from η. Note that the order of Tη is greater than 4k.
Suppose the latter outcome holds. Then there exists a separation (C,D) ofG with V (C∩D) = X
such that A ⊆ V (C) and V (η) ⊆ V (D). Then (C − A,D) is a 4k-separation in G − A and, since
V (η) ⊆ V (D), we have (C − A,D) ∈ Tη ⊆ T . By (b), every zero A-path intersects D − C and,
since A ⊆ V (C), it follows that X intersects all zero A-paths, contradicting (a).
So there exists a A-η-linkage P = {P1, . . . , P2k} of size 2k that nicely links to η. Assume without
loss of generality that Pi has an endpoint in η(vi). Then there exist k disjoint K5p−4-submodels
ηi of η such that ηi contains η(v2i−1) and η(v2i). By Lemma 4.2, there is a nonzero cycle-chain
of length p − 1 in ηi whose core path is a η(v2i−1)-η(v2i)-path. Extending the core path through
η(v2i−1) ∪ η(v2i) ∪ P2i−1 ∪ P2i, we obtain k disjoint nonzero A-cycle-chains, each of length p − 1.
The lemma now follows from Proposition 4.1.
Lemma 4.4 (Lemma 3.3 in [15]). Let (W,γ) be a facially Γ-odd 3l × 2-wall. Then there is a
nonzero cycle-chain of length l in (W,γ) whose core path is a P
(h)
1 -P
(h)
3l+1-path, where P
(h)
i is the
i-th horizontal path of W . Moreover, the cycles in the cycle-chain are disjoint from P
(h)
1 ∪P
(h)
3l+1.
Lemma 4.5. Let (W,γ) be a facially Γ-nonzero wall of size at least 2592k3p in (G, γ) disjoint from
A ⊆ V (G) such that TW is a truncation of T . Then there exist k disjoint zero A-paths.
Proof. Let t = 6k and r = 108k2p. Note that r ≥ max{3(p − 1), 3t2} and 2592k3p = 4tr. By
Lemma 3.6, there exists an r-subwall W1 of W such that either there exist t disjoint A-W1-paths
that nicely link to W1 or there existx X ⊆ V (G) with |X | < 3t2 separating A from W1.
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Suppose the latter case holds. Then there exists a separation (C,D) of G with X = V (C ∩D)
such that A ⊆ V (C) and V (W1) ⊆ V (D). Since |X | < 3t2 and W1 has size at least 3t2, it follows
that (C − A,D) ∈ TW1 ⊆ T , which implies that every zero A-path intersects D − C by (b). But
since A ⊆ C, X intersects every zero A-path, violating (a).
So there exists a A-W1-linkage P of size 6k that nicely links to W1. Since |P| = 6k, there exist
2k paths P ′ = {P1, . . . , P2k} ⊆ P and 2k disjoint compact
3
2 (p− 1)× 2-subwalls U1, . . . , U2k of W1
such that each Ui contains the endpoint of exactly one path in P ′, say Pi. Assume without loss of
generality that U1, . . . , U2k are positioned from left to right. Let R1 and R2 denote the first and
3
2 (p− 1)-th horizontal path of W1 respectively.
By Lemma 4.4, each Wi contains a nonzero cycle-chain of length
1
2 (p− 1) whose core path is a
R1-R2-path that is otherwise disjoint from R1 ∪R2. It follows that P2i−1 ∪P2i ∪W2i−1 ∪W2i ∪R2
contains a nonzero A-cycle-chain of length p−1 for each i ∈ [k], yielding k disjoint zero A-paths.
Lemma 4.6 (Lemma 3.5 in [15]). Let Γ be an abelian group with no element of order two. Let
(W,γ) be a Γ-bipartite wall with a pure Γ-odd linkage L with |L| = 3l. Then there is a nonzero
cycle-chain of length l contained in P
(h)
1 ∪ (∪L) whose core path is a subpath of P
(h)
1 . Moreover, if
L is nested or crossing, then the core path intersects exactly one endpoint of each path in L.
Lemma 4.7. Let (W,γ) be a Γ-bipartite wall of size at least 2664k3p with a pure Γ-odd linkage L
with |L| ≥ 18kp such that W and the paths in L are disjoint from A ⊆ V (G) and such that TW is
a truncation of T . Then there exist k disjoint zero A-paths.
Proof. Let W ′ be a 36kp-contained compact 2592k3p-subwall of W and define t = 6k and r =
108k2p. Note that r ≥ max{36kp, 3t2} and 2592k3p = 4tr. By Lemma 3.6, there exists a compact
r-subwall W1 of W
′ such that either there exist t disjoint A-W1-paths that nicely link to W1 or
there exists X ⊆ V (G) with |X | < 3t2 separating A from W1. The latter case is impossible as
before, so we may assume that there exists a A-W1-linkage P1 with |P1| = 6k that nicely links to
W1.
Since W1 is 36kp-contained in W , we may extend the endpoints of the paths of L through W
to obtain a pure linkage L1 of W1 with |L1| = 18kp. Note that L1 is also Γ-odd.
We first modify the paths in P1 and L1 so that they become disjoint from each other, at the
cost of losing a few paths in L1. Let H denote the union of all paths in P1 and in L1.
Claim 4.7.1. There is a A-W1-linkage P2 in H with |P2| = 6k that nicely links to W1 and a subset
L2 ⊆ L1 with |L2| = 18k(p− 1) such that each path in P2 is disjoint from each path in L2.
Proof. Let P2 be an A-W1-linkage in H of size 6k that nicely links to W1 minimizing the number
of edges not in a path in L1. Suppose L ∈ L1 intersects a path in P2. Let x be an endpoint of L
and let y be the closest vertex to x on L such that y is in some path in P2, say P ′. If P ′ does not
have an endpoint in V (L), then rerouting P ′ through L to x, we obtain another A-W1-linkage in
H of size 6k that nicely links to W1 using strictly fewer edges not in a path in L
1, a contradiction.
Therefore, every path L ∈ L1 intersecting a path in P2 contains an endpoint of a path in P2, and
the number of such paths in L1 is at most |P2| = 6k. We may then take a subset L2 ⊆ L1 with
|L2| = 18k(p− 1) ≤ 18kp− 6k excluding the paths that intersect P2. 
Let R denote the top row (first horizontal path) of W and let v1, . . . , v6k be the top nails,
from left to right, that are endpoints of a path in P2. Let R1 = v1Rv2k, R2 = v2k+1Rv4k, and
R3 = v4k+1Rv6k. Then each path in L2 is disjoint from at least one of R1, R2, or R3, so there exists
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m ∈ {1, 2, 3} such that there are 6k(p − 1) paths in L2 that are disjoint from Rm. We fix such
m ∈ {1, 2, 3}.
Let P3 = {P1, . . . , P2k} be the set of 2k paths in P2 containing an endpoint in Rm. We relabel
the vertices v1, . . . , v6k so that vi is an endpoint of Pi for i ∈ [2k] and vi is to the left of vj for i < j.
Let L3 = {L1, . . . , L6k(p−1)} be a set of 6k(p−1) paths in L
2 disjoint fromRm. For i ∈ [6k(p−1)],
let xi and yi denote the left and right endpoint of Li on R respectively. Assume without loss of
generality that xi is to the left of xj for i < j. Then, up to reorientation of the wall, we may assume
that the following hold:
1. If L3 is in series, then there is a subpath R′ of R containing {x1, y1, . . . , xk(p−1), yk(p−1)} such
that R′ is disjoint from Rm.
2. If L3 is crossing or nested, then the two (disjoint) subpaths Rx = x1Rx3k(p−1) and Ry =
y1Ry3k(p−1) are disjoint from Rm.
First suppose L3 is in series. Then R′ ∪ {L1, . . . , Lk(p−1) is a nonzero cycle-chain of length
k(p − 1) which can be partitioned into k disjoint nonzero cycle-chains, each of length p − 1, and
each of whose core path is a subpath of R′. By linking the endpoints of the k cycle-chains to the
endpoints of P3 through the W1, we obtain k disjoint nonzero A-cycle-chains each of length p− 1.
Let us assume now that L3 is crossing or nested. By Lemma 4.6, there is a nonzero cycle-chain
of length k(p− 1) contained in R∪{L1, . . . , L3k(p−1)} whose core path is Rx or Ry. Say Rx. Again
we partition into k disjoint nonzero cycle-chains, each of length p− 1, and each of whose core path
is a subpath of Rx, and linking the endpoints to P3 through W1 we obtain k disjoint nonzero
A-cycle-chains each of length p− 1. The lemma now follows by Proposition 4.1.
4.2 Γ-Bipartite 3-block
In this section we deal with outcome (3) of Theorem 3.7. Let (B, γ) be a Γ-bipartite 3-block of
(G−A, γ) and let U ⊆ V (B). The initial segment of an A-U -path is its A-V (B)-subpath. We first
prove an approximate Menger-type result for A-U -paths of weight ℓ. We remark that the results in
this section apply to all abelian groups Γ, and the next two lemmas do not assume the existence of
a large tangle.
Lemma 4.8. Let Γ be an abelian group with ℓ ∈ Γ, let (G, γ) be a Γ-labelled graph with A ⊆ V (G),
and let (B, γ) be a 3-block of (G − A, γ) such that (B, γ) is Γ-bipartite. Let U ⊆ V (B). If there
does not exist X ⊆ V (G) with |X | < 12t intersecting all A-U -paths of weight ℓ, then there exist t
disjoint A-U -paths of weight ℓ in (G, γ).
Proof. Let Bℓ be the unlabelled graph obtained from (the graph) B by adding the vertex set A
and, for each a ∈ A and b ∈ V (B), adding an edge ab if there is an A-V (B)-path of weight ℓ with
endpoints a and b in (G, γ). Then for each A-U -path of weight ℓ in (G, γ), there is a corresponding
A-U -path in Bℓ with the same endpoints and same sequence of vertices in V (B).
The converse does not necessarily hold: Let b1b2 ∈ E(B), a ∈ A, and suppose P is an A-U -path
in Bℓ with a, b1, b2 as its first three vertices in this order. Let R denote the union of all B-bridges
of (G−A) whose sets of attachments in B are equal to {b1, b2}. If
• there does not exist an a-b2-path of weight ℓ going through b1 in (G[R + a], γ), and
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• there does not exist an a-b1-path with weight ℓ in (G, γ) that is internally disjoint from
A ∪ V (B) ∪ V (R),
then there does not exist a corresponding A-U -path of weight ℓ in (G, γ) with the same endpoints
and same sequence of vertices in V (B) as P . In this case, let us call the A-U -path P improper.
Otherwise, there clearly exists a corresponding A-U -path of weight ℓ in (G, γ) and we call P proper.
If a ∈ A, b1 ∈ U , and ab1 ∈ E(Bℓ), then we also call the path ab1 proper and it (by the definition
of Bℓ) also has a corresponding A-U -path of weight ℓ in (G, γ). In all cases, we call b1 the first
attachment and b2, if it exists, the second attachment of P .
Note that the definition of proper and improper A-U -paths in Bℓ depend only on their first and
second attachments. Moreover, if two A-U -paths in Bℓ have the same endpoint in A and same first
attachment but distinct second attachments, then one of the two paths is proper.
Given a linkage P of proper A-U -paths in Bℓ, let A(P) and U(P) denote the sets of vertices in
A and U respectively that are endpoints of a path in P , and let FP denote the set of vertices in
V (B) that are first attachments of improper A-U -paths in Bℓ −A(P).
Let P be a maximum linkage of proper A-U -paths in Bℓ. If |P| ≥ 2t, then the corresponding 2t
A-U -paths of weight ℓ in (G, γ) are disjoint except possibly in their initial segments. But since the
initial segment of such a path can intersect at most one other, there exist t disjoint A-U -paths of
weight ℓ in (G, γ). So we may assume that |P| < 2t. By Corollary 1.7, either there are 4t disjoint
U -FP -U -paths in Bℓ −A or there exists Y ⊆ V (Bℓ)− A with |Y | < 8t such that Bℓ −A− Y does
not contain a U -FP -U -path.
Case 1: There exist 4t disjoint U -FP -U -paths in Bℓ −A.
Choose linkages P and Q such that
(i) P is a maximum linkage of proper A-U -paths in Bℓ,
(ii) Q is a linkage of 4t U -FP -U -paths in Bℓ −A, and
(iii) subject to (i) and (ii), the number of edges in (∪P) ∪ (∪Q) is minimum.
First suppose there exists Q ∈ Q that is disjoint from ∪P . Let b ∈ V (Q) ∩ FP and let
a ∈ A−A(P) such that there is an improper A-U -path in Bℓ −A(P) starting at a with first
attachment b (a exists by the definition of FP ). Then Q+ a+ ab contains a proper A-U -path
by the definition of improper paths, and moreover this path is disjoint from ∪P since Q is
disjoint from ∪P . This contradicts the maximality of P and we may thus assume that every
path in Q intersects a path in P .
Since |P| < 2t and |Q| = 4t, we can choose a subset Q′ = {Q′1, . . . , Q
′
2t} of Q with |Q
′| = 2t
such that no path in Q′ contains a vertex in U(P). For each i ∈ [2t], let wi be an endpoint of
Q′i and let zi be the closest vertex to wi on Q
′
i that is contained in a path in P .
Since |P| < 2t and |Q′| = 2t, there exist distinct i, j ∈ [2t] such that zi, zj ∈ V (P ) for some
P ∈ P . Let a and u denote the two endpoints of P in A and U respectively, and assume
without loss of generality that a, zi, zj, u occur in that order on P . Then P
′ := aPzjQ
′
jwj
is a proper A-U -path since P and P ′ have the same first and second attachments and P is
proper. Moreover, P ′ is disjoint from each path in P − P by our choice of zj and, since Q′j
does not contain a vertex in U(P), P ′ uses strictly fewer edges that are not in ∪Q than P .
Now P ′ := P − P + P ′ is a maximum linkage of proper A-U -paths in Bℓ and, since A(P) =
A(P ′) (hence FP = FP′), P ′ and Q also satisfy (i) and (ii). But (∪P ′)∪ (∪Q) has fewer edges
than (∪P) ∪ (∪Q), contradicting (iii).
15
Case 2: There exists Y ⊆ V (Bℓ) − A with |Y | < 8t such that Bℓ − A − Y does not contain a
U -FP-U -path.
Let H denote the graph Bℓ−A−Y . If b1 ∈ FP −Y , then H does not contain two b1-U -paths
whose only common vertex is b1, since otherwise their union would be a U -FP-U -path inH . So
for each b1 ∈ FP −Y , there exists a 1-separation (Cb1 , Db1) in H such that b1 ∈ V (Cb1 −Db1)
and U − Y ⊆ V (Db1).
Claim 4.8.1. Let a ∈ A−A(P) and b1 ∈ FP−Y such that there exists an improper A-U -path
Q contained in H + a+ ab1. Let b2 denote the second attachment of Q. Then there exists a
proper A-U -path in H + a+ ab1 if and only if b1b2 is not a cut-edge in H separating b1 from
U − Y .
Proof. If b1b2 is a cut-edge in H separating b1 from U − Y , then any a-U -path in H + a+ ab1
must start with the vertices a, b1, b2 in this order, and any such path is improper since it has
the same first and second attachments as Q. Conversely, if b1b2 is not such a cut-edge, then
there exists a b1-U -path in H avoiding the edge b1b2. Combining this path with the edge ab1
gives a proper A-U -path in H + a+ ab1. 
LetH ′ be the graph obtained fromBℓ−A(P)−Y by deleting the edge ab1 for each a ∈ A−A(P)
and b1 ∈ FP such that:
There is an improper A-U -path in H+a+ab1 with second attachment b2 such that
b1b2 is a cut-edge in H separating b1 from U − Y .
Claim 4.8.2. Let Q′ = {Q′1, . . . , Q
′
k} be a linkage of A-U -paths in H
′. Then there is a linkage
Q = {Q1, . . . , Qk} of proper A-U -paths in Bℓ−A(P)−Y such that Q′i and Qi have the same
endpoints for all i ∈ [k].
Proof. Let a1, . . . , ak denote the endpoints of Q′1, . . . , Q
′
k respectively in A−A(P). For each
i ∈ [k], define an A-U -path Qi in Bℓ−A(P)−Y as follows. If Q′i is proper, then set Qi = Q
′
i.
If Q′i is improper, let b
i
1 and b
i
2 denote the first and second attachments of Q
′
i respectively
and let zi denote the unique vertex in V (Cbi
1
∩ Dbi
1
). Then zi is a cut-vertex separating bi1
from U − Y in H , so zi ∈ V (Q′i). Also, b
i
1b
i
2 is not a cut-edge in H separating b
i
1 from U − Y
since otherwise the edge aibi1 would have been be deleted in H
′.
It follows that there exists a bi1-z
i-path Ri in Cbi
1
avoiding the edge bi1b
i
2. Define Qi to be the
A-U -path aibi1Riz
iQ′i. Then Qi is proper, contained in Bℓ −A(P)− Y , and Qi has the same
endpoints as Q′i. Moreover, since Qi was obtained by modifying Q
′
i only inside Cbi
1
(which is
separated by the cut-vertex zi from U in H), it follows that Q := {Q1, . . . , Qk} is a linkage
of proper A-U -paths in Bℓ −A(P)− Y . 
If H ′ contains 2t disjoint A-U -paths, then we obtain 2t disjoint proper A-U -paths in Bℓ −
A(P)− Y (hence in Bℓ), contradicting the maximality of P . So we may assume by Menger’s
theorem that there exists Z ⊆ V (H ′) with |Z| < 2t such that H ′ − Z does not contain an
A-U -path.
Claim 4.8.3. (G−A(P)− Y − Z, γ) does not contain an A-U -path of weight ℓ.
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Proof. Suppose Q is an A-U -path of weight ℓ in (G−A(P)− Y −Z, γ), and let a denote the
endpoint of Q in A−A(P). Then Q corresponds to a proper A-U -path Q′ in Bℓ−A(P)−Y −Z
with the same endpoints and same sequence of vertices in V (B). Let b1 denote the vertex
succeeding a in Q′.
Since H ′ − Z does not contain an A-U -path, the edge ab1 must have been deleted in H ′. By
the definition of H ′, there exists an improper A-U -path in H+a+ab1 with second attachment
say b2 such that b1b2 is a cut-edge in H separating x from U − Y . But by Claim 4.8.1, there
does not exist a proper A-U -path in Bℓ−A(P)− Y starting with the edge ab1, contradicting
the existence of Q′. 
Now X := A(P) ∪ Y ∪ Z ⊆ V (G) is a hitting set for A-U -paths of weight ℓ in (G, γ) with
|X | ≤ |P|+ |Y |+ |Z| < 2t+ 8t+ 2t = 12t. This completes the proof of the lemma.
We next prove a generalization of Lemma 3.6 for paths of weight ℓ that nicely link to a wall in
a Γ-bipartite 3-block.
Lemma 4.9. Let Γ be an abelian group with ℓ ∈ Γ, let r, t be positive integers with r ≥ 12t, and
let T = 3(24t)2. Let (G, γ) be a Γ-labelled graph with A ⊆ V (G) and let (B, γ) be a Γ-bipartite
3-block of (G − A, γ). Let W be an s-wall in G − A where s ≥ (2r + 1)(2T + 1) such that W is
1-contained in a wall W ′ and b(W ) ⊆ V (B) where b(W ) is the set of branch vertices of W with
respect to W ′. Suppose in addition that there does not exist X ⊆ V (G) with |X | < 12T intersecting
all A-b(W )-paths of weight ℓ in (G, γ). Then W contains a compact r-subwall W1 such that there
are t disjoint A-W1-paths of weight ℓ that nicely link to W1.
Proof. By Lemma 4.8, there exist T disjoint A-b(W )-paths of weight ℓ in (G, γ). Let P be a linkage
of T such paths minimizing the number of edges in ∪P − E(W ).
Claim 4.9.1. There are at most T b(W )-paths Q in W such that Q intersects ∪P and neither
endpoint of Q is in ∪P.
Proof. Let Q be a b(W )-path in W with endpoints w1, w2 6∈ V (∪P) and let P = x0x1 . . . xm be a
path in P with x0 ∈ A and xm ∈ b(W ) such that Q∩P 6= ∅. We may choose P and xi ∈ V (Q∩P )
such that w1Qxi − xi does not intersect ∪P .
Suppose x0Pxi intersects W − Q. Then xi ∈ V (B); otherwise, there is a 2-separation (C,D)
of G − A such that xi ∈ V (C − D), b(W ) ⊆ V (D), and V (C ∩ D) = {u, v} where u, v ∈ V (Q)
and xi ∈ uQv. But both x0Pxi and xiPxm intersect W −Q and, therefore, they both contain one
of {u, v}. Since one of u or v is in w1Qxi − xi, this contradicts the assumption that w1Qxi − xi
does not intersect ∪P . Now xi ∈ V (B) implies that γ(w1Qxi) = γ(xiPxm) = 0 since (B, γ) is
Γ-bipartite. Thus P ′ := x0PxiQw1 is an A-b(W )-path of weight ℓ disjoint from ∪P −P with fewer
edges not in W , contradicting the minimality of P .
Therefore, we may assume that x0Pxi does not intersect W −Q. In other words, Q is the first
b(W )-path in W that P intersects. Since |P| = T , there are at most T such paths Q. 
Let W (P) denote the vertices of b(W ) that are endpoints of a path in P . Let S ⊆ b(W ) be the
vertex set obtained from W (P) by adding, for each b(W )-path Q in W whose interior intersects
∪P , one endpoint of Q. We have |S| ≤ 2T by Claim 4.9.1.
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Since W is a wall of size at least (2r + 1)(2T + 1), there are 2r + 1 consecutive vertical paths
and 2r + 1 consecutive horizontal paths of W that are all disjoint from S and hence from ∪P . Let
W0 denote the compact 2r-subwall of W contained in the union of these 2r + 1 horizontal and
vertical paths ofW . Let W1 denote the compact r-subwall of W0 disjoint from the first r horizontal
and vertical paths of W0. Let N1 denote the set of top nails of W1 and let H denote the graph
G− (V (W1)−N1).
Claim 4.9.2. There does not exist Y ⊆ V (H) with |Y | < 12t intersecting all A-N1-paths of weight
ℓ in (H − Y, γ).
Proof. Suppose to the contrary that Y is such a hitting set. Since r ≥ 12t, there exists a horizontal
path Q(h) and a vertical path Q(v) of W intersecting W0 and disjoint from W1 and Y . There also
exists a vertical path R(v) of W containing a vertex in N that is disjoint from Y .
Since |P| = T = 3(24t)2 > 2(24t)2+12t, there exists P ′ ⊆ P with |P ′| = 2(24t)2 such that each
path in P ′ is disjoint from Y . Then there exists P ′′ ⊆ P ′ with |P ′′| = 24t such that the vertices of
W (P ′′) either lie in distinct horizontal paths or in distinct vertical paths of W .
Let Q1, . . . , Q24t be distinct horizontal (resp. vertical) paths of W , in this order in W and
disjoint from Y , such that Qi contains a vertex, say wi, in W (P ′′). Let Pi denote the path in P ′′
containing wi as an endpoint and let ai denote the endpoint of Pi in A.
Let yi be the vertex in Pi ∩Qi that is closest to Q(v) (resp. Q(h)) on the wi-Q(v)-subpath (resp.
the wi-Q
(h)-subpath) of Qi. If yi ∈ V (B), then γ(aiPiyi) = ℓ and we obtain an A-N1-path of weight
ℓ in (H − Y, γ) in aiPiyi ∪Qi ∪Q(v) ∪Q(h) ∪R(v), a contradiction.
So we may assume that yi 6∈ V (B) for all i ∈ [24t]. Then there is a 2-separation (Ci, Di) of
G−A with yi ∈ V (Ci−Di), V (B) ⊆ V (Di), and V (Ci∩Di) = {xi, zi} where xi, zi ∈ V (Qi)∩V (B).
Assume without loss of generality that wi, xi, yi, zi occur in this order on Qi (where possibly wi = xi
and zi ∈ Q(v)). Then the A-V (B)-subpath of Pi is contained in G[Ci + ai] and ends at xi. Let
P ′i = aiPixiQiwi.
Recall that W is 1-contained in a wall W ′. For i ∈ [24t], let Q′i denote the horizontal (resp.
vertical) path of W ′ containing Qi. For i ∈ [12t], let Ri be the A-Q
(v)-path (resp. A-Q(h)-path)
obtained from P ′2i−1 by continuing along Q
′
2i−1 to the first or last vertical (resp. horizontal) path
of W ′, using it to reach Q′2i, then going back along Q
′
2i to Q
(v) (resp. Q(h)).
Then γ(Ri) = ℓ and R1, . . . , R12t are disjoint. Since |Y | < 12t, some Ri is disjoint from Y and
we thus obtain a contradictory A-N1-path of weight ℓ in (H −Y, γ) in Ri ∪Q(v) ∪Q(h) ∪R(v). This
completes the proof of the claim.

Let (H ′, γ′) be the Γ-labelled graph obtained from (H, γ) by adding an edge between each pair
of vertices in N1 with label 0. Let (B
′, γ′) be the 3-block of (H ′, γ′) containing N1. Then (B
′, γ′) is
Γ-bipartite: if C is a simple nonzero cycle in (B′, γ′), then there are three disjoint V (C)-N1-paths
which give a nonzero N1-path in H by Lemma 3.2. But since N1 ⊆ V (B), this contradicts the
assumption that (B, γ) is Γ-bipartite.
Applying Lemma 4.8 to (H ′, γ′) and N1, we obtain t disjoint A-W1-paths that nicely link to
W1, completing the proof of the lemma.
For each positive integer k, let BR(k) denote the smallest integer b such that any red-blue
coloring of the edges of Kb,b contains either a red Kk,k or a blue Kk,k. These are called the
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Bipartite Ramsey numbers and it is known that BR(k) ≤ (1 + o(1))2k+1 log k (see [6]). We further
define the following parameters:
t = t(k) = 16BR(k)
T = T (k) = 3(24t)2
r0 = r0(k) = 12t
ri = ri(k) = (2ri−1 + 1)(2T + 1) + 2t for i ≥ 1
Lemma 4.10. Let Γ be a finite abelian group and let k be a positive integer. Then there exists an
integer β(k, |Γ|) such that the following holds: If (G, γ) is a Γ-labelled graph with A ⊆ V (G) such
that
(I) there does not exist Y ⊆ V (G) with |Y | < 12T (k)|Γ| intersecting every zero A-path.
(II) (G − A, γ) contains an β(k, |Γ|)-wall W ′ inducing a tangle T = TW ′ such that the T -large
3-block (B, γ) of (G−A, γ) is Γ-bipartite, and
(III) if (C,D) ∈ T , then (G[A ∪ C], γ) does not contain a zero A-path and (G[A ∪ (D − C)], γ)
contains a zero A-path,
then (G, γ) contains k disjoint zero A-paths.
Proof. Define s = s(k, |Γ|) = r|Γ|+1. We show that β(k, |Γ|) = s+2 suffices. Suppose G−A contains
an (s + 2)-wall W ′ with T = TW ′ satisfying (II) and (III). Since (B, γ) is the T -large 3-block of
(G − A, γ), every vertex of degree 3 in W ′ is in V (B). Let W be the s-wall that is 1-contained in
W ′ with the natural choice of corners and nails, so that b(W ) ⊆ V (B).
Since (B, γ) is Γ-bipartite, we may assume by Lemma 3.1 that, after possibly shifting, every
V (B)-path in (G − A, γ) has weight zero. Let P be a zero A-path in (G, γ). Then P intersects
V (B) in at least two vertices, since otherwise there would be a 3-separation (C,D) ∈ T such that
P ⊆ G[A∪C], violating (III). In particular, P contains two distinct A-V (B)-subpaths whose weights
are ℓ and −ℓ for some ℓ ∈ Γ. Let us call these two subpaths the two end segments of P .
Claim 4.10.1. Let ℓ ∈ Γ and let W ∗ be a compact r-subwall of W such that r ≥ 12T . Let
X ⊆ V (G) with |X | < 12T . If (G − X, γ) does not contain an A-b(W ∗)-path of weight ℓ, then
(G−X, γ) does not contain a zero A-path whose end segments have weights ±ℓ.
Proof. Suppose P is a zero A-path in (G − X, γ) whose end segments have weights ±ℓ, and let
B(P ) = V (P ) ∩ V (B). If there exist two disjoint B(P )-b(W ∗)-paths in G − A − X , then the
union of these two paths and P contains an A-b(W ∗)-path of weight ℓ in (G − X, γ) and we
are done. Otherwise, there exists a 1-separation (C,D) in G − A − X with B(P ) ⊆ V (C) and
b(W ∗)−X ⊆ V (D).
Consider the 12T -separation (G[C ∪ (X − A)], G[D ∪ (X − A)]) in G − A. Since W ∗ has size
r ≥ 12T and b(W ∗) ⊆ V (G[D ∪ (X −A)]), we have (G[C ∪ (X −A)], G[D ∪ (X −A)]) ∈ TW∗ ⊆ T .
But P ⊆ G[A ∪ C ∪X ], violating (III). 
Claim 4.10.2. Let W ◦ be a compact r-subwall of W such that r ≥ ri for some i ≥ 1. Then there
exists ℓ ∈ Γ such that, for each ℓ◦ ∈ {ℓ,−ℓ}, there is a compact t-contained ri−1-subwall W ◦1 of W
◦
such that there are t disjoint A-W ◦1 -paths of weight ℓ
◦ that nicely link to W ◦1 .
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Proof. LetW ◦0 be a t-contained (2ri−1+1)(2T+1)-subwall ofW
◦. The size ofW ◦0 is clearly greater
than 12T . Suppose that for every ℓ ∈ Γ, there exists Xℓ ⊆ V (G) with |Xℓ| < 12T such that either
Xℓ intersects every A-b(W
◦
0 )-path of weight ℓ or Xℓ intersects every A-b(W
◦
0 )-path of weight −ℓ.
Then by Claim 4.10.1 (applied to W ◦0 , ℓ, and Xℓ for every ℓ ∈ Γ), Y := ∪ℓ∈ΓXℓ intersects every
zero A-path and |Y | < 12T |Γ|, violating (I). So there exists ℓ ∈ Γ for which such a set Xℓ does not
exist.
Let ℓ◦ ∈ {ℓ,−ℓ}. We have shown above that there does not exist X ⊆ V (G) with |X | < 12T
intersecting every A-b(W ◦0 )-path of weight ℓ
◦. By Lemma 4.9 (applied to W ◦0 , ℓ
◦, r, and t), we
obtain a compact ri−1-subwall W
◦
1 of W
◦
0 such that there are t disjoint A-W
◦
1 -paths of weight ℓ
◦
that nicely link to W ◦1 . 
We apply Claim 4.10.2 repeatedly starting withW to obtain a sequence of elements ℓ1, . . . , ℓ|Γ|+1,
subwalls W ⊇ W1 ⊇ · · · ⊇ W|Γ|+1, and linkages P1, . . . ,P|Γ|+1 such that Pi is a set of t disjoint
A-Wi-paths of weight ℓi that nicely links to Wi. We have ℓi = ℓj for some i < j and, since we are
free to choose either ℓj or −ℓj at the j-th iteration of Claim 4.10.2, we may assume that ℓj = −ℓi
for some i < j. We can then extend the linkages Pi and Pj through Wi and Wj respectively so
that they link nicely to W|Γ|+1 (since W|Γ|+1 is t-contained in each of the previous walls). Note
that W|Γ|+1 has size r0 = 12t.
Renaming, we have thus obtained a 12t-wall W∗ and two linkages P and Q of A-W∗-paths of
weight ℓ and −ℓ respectively that nicely link to W∗, with |P| = |Q| = t. For an A-W∗-linkage R,
let A(R) and W∗(R) denote the set of endpoints of R in A and W∗ respectively.
Recall that t = 16BR(k) where BR(k) is the bipartite Ramsey number. The 16BR(k) paths
of P (resp. Q) contain a set P1 ⊆ P (resp. Q1 ⊆ Q) with |P1| = |Q1| = 8BR(k) such that no
B-bridge of (G−A, γ) contains the initial segments of two paths in P1 (resp. Q1).
Now take an arbitrary subset P2 ⊆ P1 with |P2| = 4BR(k). Then the interior of the initial
segment of each path in P2 intersects at most one path in Q1, so there is a subset Q2 ⊆ Q1 with
|Q2| = 4BR(k) such that no path in Q2 intersects the interiors of initial segments of paths in
P2. Similarly, take a subset Q3 ⊆ Q2 with |Q3| = 2BR(k) and choose a subset P3 ⊆ P2 with
|P3| = 2BR(k) such that no path in P3 intersects the interiors of initial segments of paths in Q3.
We may then choose P4 ⊆ P3 and Q4 ⊆ Q3 with |P4| = |Q4| = BR(k) such that each vertex in
A belongs to at most one path in P4 ∪Q4. Now each A(P4)-A(Q4)-path in (∪P4)∪ (∪Q4)∪W∗ is
the union of an initial segment of a path in P4, an initial segment of a path in Q4, and a V (B)-path,
hence every such path is a zero A-path.
If there exist linkages P5 ⊆ P4 and Q5 ⊆ Q4 with |P5| = |Q5| = k such that the paths in
P5 ∪Q5 are disjoint, then we obtain k disjoint zero A-paths by linking W∗(P5) to W∗(Q5) through
W∗. Otherwise, by the definition of BR(k), there exist linkages P5 ⊆ P4 and Q5 ⊆ Q4 with
|P5| = |Q5| = k such that every path in P5 intersects every path ofQ5. LetH = (∪P5)∪(∪Q5)∪W∗.
There does not exist a set Z ⊆ V (H) with |Z| < k separating A(P5) from A(Q5) in H since any
such set misses one path in P5 and one path in Q5, the union of which contains an A(P5)-A(Q5)-
path. Thus, by Menger’s theorem, there exist k disjoint A(P5)-A(Q5)-paths in H , each of weight
0.
We remark that the proof of Lemma 4.10 can be adapted to prove a similar statement for Γ-zero
A1-A2-paths.
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4.3 Proof of Theorem 1.3
We are now ready to prove Theorem 1.3.
Theorem 4.11 (Theorem 1.3 restated). Let p be an odd prime and let Γ = Z/pZ. Then Γ-zero
A-paths satisfy the Erdo˝s-Po´sa property.
Proof. For each positive integer k define r∗ = r∗(k) = 18kp and t∗ = t∗(k) = 5kp. Let ω, g, h, β
be the functions given by Theorem 3.4, Theorem 3.7, and Lemma 4.10. Define ϕ(k) = g(r∗, t∗) +
h(r∗, t∗) + β(k, p). Let f : N → N be a function such that f(k) ≥ 2f(k − 1) + 3ω(ϕ(k)) + 10 and
f(k) ≥ h(r∗, t∗)+12T (k)p+108k2, where T (k) is the function appearing in condition (I) of Lemma
4.10.
Let ((G, γ), k) with A ⊆ V (G) be a minimal counterexample to f being an Erdo˝s-Po´sa function
for zero A-paths. That is, (G, γ) does not contain k disjoint zero A-paths and there does not exist
X ⊆ V (G) with |X | ≤ f(k) intersecting every zero A-path, and subject to this, k is minimum.
By Lemma 3.3, G − A admits a tangle T of order ω(ϕ(k)) such that for each (C,D) ∈ T ,
G[A∪C] does not contain a zero A-path and G[A∪ (D−C)] contains a zero A-path. By Theorem
3.4, G − A contains a ϕ(k)-wall W such that TW is a truncation of T . We apply Theorem 3.7 to
(W,γ), r∗, and t∗ and obtain one of its outcomes.
In outcomes (1) and (2), note that conditions (a) and (b) of section 4.1 are satisfied. In outcome
(1), there exists a Γ-odd K5kp-model µ in (G−A, γ) such that Tµ is a truncation of TW . Lemma 4.3
implies that (G, γ) contains k disjoint zero A-paths. In outcome (2), we have a 50r12∗ -wall (W0, γ)
in (G−A, γ) such that TW0 is a truncation of TW . Note that 50r
12
∗ ≥ 2664k
3p. In outcome (2)-(a),
(W0, γ) is facially Γ-nonzero and by Lemma 4.5, (G, γ) contains k disjoint zero A-paths. In outcome
(2)-(b), (W0, γ) is a Γ-bipartite wall with a pure Γ-odd linkage of (W0, γ) of size r∗ = 18kp, and
by Lemma 4.7, (G, γ) again contains k disjoint zero A-paths. In all cases, we obtain k disjoint zero
A-paths, contradicting the assumption that ((G, γ), k) is a minimal counterexample.
Therefore outcome (3) holds and there exists Z ⊆ V (G −A) with |Z| ≤ h(r∗, t∗) such that the
T -large 3-block of (G−A−Z, γ) is Γ-bipartite. SinceW has size ϕ(k) = g(r∗, t∗)+h(r∗, t∗)+β(k, p),
there is a β(k, p)-subwall W1 of W in (G −A− Z, γ), and TW1 is a truncation of T . Furthermore,
since f(k) ≥ h(r∗, t∗) + 12T (k)p and (G, γ) does not contain a hitting set of size less than f(k),
(G−Z, γ) does not contain a hitting set Y with |Y | < 12T (k)p. Thus, (G−Z, γ) andW1 satisfy the
three hypotheses of Lemma 4.10 and (G− Z, γ) contains k disjoint zero A-paths, a contradiction.
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